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This paper discusses a strategy to identify failure conditions in geomaterials simulated by elastoplastic constitutive laws. The main objective is
to express different forms of failure through the same formalism. For this purpose, we use a set of material instability indices combining the
concepts of loss of controllability and critical hardening modulus with a simple, but versatile, elastoplastic model for soils and soft rocks. This
choice has allowed us to (i) compute the instability indices in analytical form, (ii) capture the implications of non-normality and prior deposition/
lithiﬁcation history and (iii) inspect a broad range of failure modes (e.g., brittle and ductile failure, static liquefaction and compaction banding). It
is shown that, although each mode of failure has its own speciﬁc features, they can all be encapsulated in a uniﬁed mathematical representation.
To obtain these results, the instability moduli must reﬂect the static/kinematic constraints that generate the failure process at stake. Thus, the
instability indices are expressed as functions of both the hardening modulus and additional terms of kinematic origin, with the latter terms
reﬂecting a control-dependence of the plastic response. Such results describe a procedure for achieving a uniﬁed deﬁnition of failure in
elastoplastic geomaterials, which is closely linked to the theory of controllability and encompasses the intuitive notions of ‘hardening’ and
‘softening’ as particular cases.
& 2016 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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The mechanical response of geomaterials is affected by
various factors such as the geologic history, the microstructure
and the interaction with pore ﬂuids (Leroueil and Vaughan,
1990; Gens, 2010). These factors cause incremental non-
linearity, path-dependence and strength properties that vary
with the stress history, drainage conditions and deformation10.1016/j.sandf.2016.01.001
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Constitutive laws for engineering applications can reproduce
such features only via sophisticated mathematical strategies. An
example is critical state plasticity (Muir Wood, 1990), which
has enriched existing theories for plastic continua by linking the
hardening/softening of soils to their plastic volumetric strains,
thus expanding the range of failure modes that could be
simulated by a single plastic model. Since then, constitutive
laws have been enhanced to accommodate other features of soil
behavior, such as non-normality (Nova and Wood, 1979),
density-dependence (Gajo and Wood, 1999; Manzari and
Dafalias, 1997), cementation and structure (Gens et al., 1993;
Rouainia and Wood, 2000) and fabric anisotropy (di PriscoElsevier B.V. All rights reserved.
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improvements is that predictions of failure are no longer
obvious; they may depend on the initial state and the imposed
deformation patterns in ways that are not always intuitive.
This paper builds on a recently proposed theory for detecting
the material instabilities in elastoplastic solids (Buscarnera et al.,
2011) and addresses the problem of predicting geomaterial
failure through a uniﬁed strategy that can be customized to
multiple combinations of elastoplastic models, loading condi-
tions and failure modes. This approach implements key ideas of
similar theories (e.g., Maier and Hueckel, 1979; Bigoni and
Hueckel, 1991; Imposimato and Nova, 1998; Nicot et al., 2007)
and links them to the notion of a critical hardening modulus. As
a result, it offers a simple strategy for investigating failure in both
hardening and softening regimes, thus capturing instabilities that
may take place at the transition from elastic to plastic states. In
what follows, we discuss the application of this theoretical
framework to the detection of different types of material
instabilities. For this purpose, we have monitored various scalar
indices of failure (here referred to as instability moduli) during
numerical simulations. Simplicity has been considered as a key
requirement, and analytical relations have been obtained to
elucidate the source of the predicted failure mechanisms. For
this reason, we have adopted a simple, but versatile, elastoplastic
model that has allowed us to locate failure domains in the stress
space. It is worth noting that the simulations discussed in the
following, and the conclusions obtained from them, are speciﬁc
to the selected model. As a result, their purpose is simply to
elucidate the common mathematical roots of typical failure
mechanisms of geomaterials, rather than discussing in quantita-
tive terms the general features of their stress-strain-failure
response. The study identiﬁes three classes of geomaterials:
(a) clays, (b) sands and (c) high-porosity rocks. Considering
these model materials, the effect of key factors, such as pre-
consolidation history, non-normality and the degree of cementa-
tion, is discussed from an analytical standpoint. The following
sections make reference to ﬂuid-saturated porous solids and
assume the validity of the effective stress principle. Matrix
notation and compression-positive convention will be adopted. A
dash indicates effective stresses (i.e., r0 ¼ r uδ, with r and u
being total stress and pore pressure, respectively, and δ being the
vector form of Kronecker’s delta), while superposed T indicates
transpose.
2. Mathematical capture of failure in elastoplastic solids
This section summarizes the theory proposed by Buscarnera
et al. (2011), specializing it to triaxial stress conditions. The
equations derived here will be used in the subsequent
numerical simulations.
2.1. Material failure as a loss of the existence and/or
uniqueness of the incremental plastic solution
Failure occurs in experiments if a sample material cannot
sustain a speciﬁc form of incremental loading. Traditionally,
the characterization of failure in solids involves the assessmentof envelopes in the stress space representing the locus where
failure has occurred. According to this approach, if the stress
path is within this envelope, the material can sustain any
incremental loading path. Such a classical view, however, does
not hold up for geological materials because of the existence of
inelastic phenomena within this envelope that can give rise to
failure. These phenomena, hereafter referred to as material
instabilities, are characterized by the fact that it is possible to
generate a passage from a quasi-static to a dynamic regime of
deformation even with no external energy input (Nicot et al.,
2007). In saturated sands, for example, an impressive form of
instability is the liquefaction of loose sands (Lade, 1992;
Borja, 2006). In the broader domain of geomechanics,
unexpected instabilities are possible even under highly con-
strained conditions, as in the case of the localized compaction
bands of porous rocks subjected to one-dimensional compres-
sion (Arroyo et al., 2005). The above-mentioned instabilities
occur at stress levels that do not correspond to frictional failure
domains and that can be overlooked by classical approaches
(Nova et al., 2003). As a result, since the region inside the
failure envelope is no longer a guarantee of material stability,
classical strategies must be replaced by more sophisticated
approaches. The approach pursued here involves the deﬁnition,
in analytical form, of domains at which the existence and/or
uniqueness of the incremental solution at material point levels
is not guaranteed for an imposed set of control conditions.
The identiﬁcation of these domains is embedded in the
expression for the elastoplastic functions, such as the yield
surface (f r0;Ψð Þ ¼ 0, where Ψ is a set of internal variables),
the plastic potential (g r0; ~Ψ
 
, where ~Ψ is a set of dummy
variables) and the hardening rules (Ψ¼Ψ εpð Þ). In particular,
the stress state and its increments are bounded to satisfy the
following constraints:
fr0; fΛ¼ 0 and ΛZ0 ð1Þ
where Λ is a non-negative plastic multiplier. Violations of
the conditions in Eq. (1) are a source of the potential loss of the
uniqueness and/or existence of the incremental plastic solution.
This aspect has long been recognized by the early concept of
controllability (Imposimato and Nova, 1998), that relates the
existence/uniqueness of the elastoplastic solution to the
imposed set of static/kinematic conditions. Buscarnera et al.
(2011) have recently showed that the interplay between the
selected loading program and the existence/uniqueness of the
incremental solution can also be disclosed by a proper
rearrangement of the consistency requirement. Under very
general control conditions, it reads as
∂f
∂r0α
_r
0
αþ
∂f
∂r0β
DeβαðDeααÞ 1 _r
0
αþ DeββDeβα Deαα
 1
Deαβ
 
_εβ
h i
 HHxð ÞΛ¼ 0
ð2Þ
where H is the hardening modulus, Hχ is a control-dependent
term (controllability modulus), _ϕ¼ _r0α; _εβ
 
is a control vari-
able, _ψ¼ _εα; _r0β
 
is a response variable, and Deij are partitions
of the elastic stiffness matrix. The controllability moduli can also
be expressed as a function of a partition of the elastic compliance
Fig. 1. (a) Representation of yield surface and plastic potential in the triaxial stress space; (b) expansion of the yield surface to model the effect of particle
cementation.
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Hχ ¼ 
∂f
∂r0β
T
Ceββ
 1 ∂g
∂r0β
ð3 aÞ
or, equivalently, as a function of the elastic stiffness matrix,
namely,
Hχ ¼ 
∂f
∂r0β
T
DeββDeβα Deββ
 1
Deαβ
 	1 ∂g
∂r0β
ð3 bÞ
Thus, it is readily apparent that plastic inadmissibility for a
given perturbation is obtained when the following condition is
satisﬁed:
HIN ¼HHχr0 ð4Þ
As pointed out by Buscarnera et al. (2011), Eq. (4) describes
a case in which, upon further incremental loading, an inﬁnite
number of solutions (HIN ¼ 0) or even no solution (HINo0)
can satisfy the plastic requirements of Eq. (1). In other words,
Eq. (4) represents a condition for the loss of controllability. Eq.
(4) is also susceptible to other interpretations. In fact, as
outlined by Maier and Hueckel (1979), it is possible to
establish a relation between the value of the hardening
modulus and the minimum of the second-order work,
d2W ¼ _r0T _ε (Hill, 1958). The latter turns to be a quadratic
function of the hardening modulus, enabling two key values to
be identiﬁed for which d2Wmin ¼ 0.
HW1 ¼
1
2
Hcþ
1
2
∂g
∂r0
T
De
∂g
∂r0
U
∂f
∂r0
T
De
∂f
∂r0
 	1
2
ð5 aÞ
HW2 ¼
1
2
Hc
1
2
∂g
∂r0
T
De
∂g
∂r0
U
∂f
∂r0
T
De
∂f
∂r0
 	1
2
ð5 bÞ
being
Hc ¼  ∂f∂r0
T
De
∂g
∂r0
ð6ÞThe results summarized by Eqs. (5-a) and (5-b) were ﬁrst
derived by Maier and Hueckel (1979) considering both
associated and non-associated ﬂow rules. It is possible to
show that the quantities in these equations are particular cases
of Eq. (4) (Buscarnera et al., 2011). Most notably, they
represent the maximum and minimum values that Hχ can
attain. As a result, Eq. (4) can be used to identify critical events
related to the second-order work: (i) the ﬁrst violation of Hill’s
criterion (i.e., H ¼Hχ ¼HW1 ) and (ii) the loss of uniqueness
of the plastic solution for all control conditions (i.e.,
H ¼Hχ ¼HW2 ). Hence, they provide an interpretation of
failure in an elastoplastic context, and can be used to identify
the domains where speciﬁc forms of material instabilities
can occur.2.2. Specialization to axisymmetric stress conditions
In this section, the instability moduli are specialized to usual
geomechanical testing conditions. A typical type of test used to
explore the stress–strain properties of geological materials is
the axisymmetric loading test, commonly referred to as the
triaxial test (Fig. 1). For this purpose, the elastoplastic
constitutive functions can be written in terms of the mean
effective stress, p0 ¼ s0aþ2s0r
 
=3, and the deviatoric stress,
q¼ s0as0r, as follows:
f ¼ f p0; q;Ψð Þr0 ð7Þ
g¼ g p0; q; ~Ψ ¼ 0 ð8Þ
their gradient vectors being given by
n¼
np
nq
8><
>:
9>=
>;¼
∂f
∂p0
∂f
∂q
8>><
>>>:
9>>=
>>>;
and m¼
mp
mq
8><
>:
9>=
>;¼
∂g
∂p0
∂g
∂q
8>><
>>>:
9>>=
>>>;
ð9Þ
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Fig. 2. (a) Model simulation of the mechanical response of clayey soils (effect of preloading): (a,b) stress path; (c,d) stress ratio vs deviatoric strain; (e,f) evolution
of the instability moduli for drained loading.
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Table 1
Analytical expressions of signiﬁcant values of hardening modulus.
Signiﬁcant Values of Hardening Modulus Analytical Expression
Hardening modulus (H) H ¼m ppc
ps
Bp
Mηþξsð Þρmpm



Mη


þξm h i
Pure stress control (Hχ1 ) H
pq
χ ¼ 0
Mixed stress–strain control εpv and q control variables (Hχ2 ) H
vq
χ ¼  mηð ÞK Mηð Þ
Mixed stress–strain control εps and p
0 control variables (Hχ3) Hpεχ ¼ 3G
Pure strain control (Hχ4 ) H
vε
χ ¼Hc ¼  mηð ÞK Mηð Þ3G
Maximum value of Hχ (HW1 ) HW1 ¼ Hc2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Mηð Þ p0k Mηð Þþ3G
 
mηð Þ p0k mηð Þþ3G
 q
Minimum value of Hχ (HW2 ) HW2 ¼ Hc2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Mηð Þ p0k Mηð Þþ3G
 
mηð Þ p0k mηð Þþ3G
 q
a b
c d
Fig. 3. Mohr Circles for different states of the simulated drained and undrained paths in Fig. 4. Simulated drained compression: (a) OCR¼1.2; (b) OCR¼6.
Simulated undrained compression: (c) OCR¼1.2; (d) OCR¼6. The symbol ϕ0CS indicates the mobilized friction angle at critical state (here given by sin ϕ0CS¼3M/
(6þM)); ϕy indicates the mobilized friction angle at yielding and ϕpk is the mobilized friction angle at the peak.
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Fig. 4. Model simulations of drained (a,c) and undrained (b,d) triaxial tests on loose and dense sands. Evolution of the corresponding controllability moduli for
drained (e) and undrained loading (f).
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a b
c d
e f
Fig. 5. Loss of controllability domains for undrained loading and simulated undrained paths for loose, medium-dense and dense sands (a, c, and e). Stress-strain
response and evolution of the instability modulus HvqIN (b, d and f).
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a b
c d
e f
Fig. 6. Model simulations of the stress–strain response of soft rocks upon drained triaxial compression. Effect of destructuration (modeled through increasing values
of the model parameter ρm) (a, c and e) and brittle-ductile transition (b, d and f).
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that the elastic constitutive stiffness can be expressed by an
uncoupled volumetric/deviatoric response, namely,
De ¼ K 0
0 3G
 
ð10Þ
where K and G are the bulk modulus and the shear modulus,
respectively. This choice allows for a simple analysis of the
axisymmetric conditions. Although Eq. (10) is a particular
example of an elastic relation, the lack of cross-coupling terms
does not invalidate the conclusions of the analysis, as it is
possible to show that appropriate choices of stress–strain
variables can diagonalize the elastic matrix, then studying
controllability conditions in a modiﬁed reference system
(Buscarnera et al., 2011).
Several test conditions can be inspected in light of Eqs. (7)–
(10). Stress control, for instance, implies that stress paths area
c
Fig. 7. Effect of distortional destructuration (modeled though the parameter ξm). Y
ξm¼0; (b) ξm¼20.imposed at known values of pore-ﬂuid pressure (i.e., drained
loading paths). The consistency condition can be then written
as follows:
np _p0 þnq _qHΛ¼ 0 ð11Þ
and the amount of plasticity mobilized for an incremental
loading path (i.e., when np _p0 þnq _q40) can be quantiﬁed
through the plastic multiplier, as follows:
Λ¼ 1
H
np _p0 þnq _q
  ð12Þ
where the symbol h i indicates the Macaulay brackets.
From Eq. (12), it is readily apparent that the constraints in
Eq. (1) are no longer fulﬁlled when Hr0. This is an outcome
of the fact that Hpqχ ¼ 0 for the considered loading mode; and
thus, the instability index coincides with the hardeningb
d
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HpqIN ¼H ð13Þ
Eq. (12) reﬂects the most intuitive notion of failure, i.e., the
inadmissibility of further stress increments (see, for instance,
Asaoka et al., 2000). This is indeed related to the classical
concepts of hardening and softening (i.e., the term “hardening”
reﬂects materials that are capable of sustaining further loading,
while “softening” refers to materials that have lost this
capacity).
Another important set of control conditions refers to stress-
controlled loading under prevented drainage (undrained paths).
If both solid and ﬂuid constituents are assumed to be incom-
pressible, undrained loading implies isochoric kinematics
(Nova, 1994; Borja, 2006). As a consequence, since the mean
effective stress is no longer imposed, it must be expressed as afunction of the strains (i.e., _p0 ¼ K _εev ¼ K _εv _εpv
 
), having
npK _εv _εpv
 þnq _qHΛ¼ 0 ð14Þ
with K being the elastic bulk modulus. Taking into account the
fact that _εpv ¼ Λmp, it follows that
Λ¼ 1
HHvqχ
npK _εvþnq _q
  ð15Þ
where
Hvqχ ¼ 
∂f
∂p0
K
∂g
∂p0
ð16Þ
Therefore, a failure condition can be deﬁned on the basis of
the following instability modulus:
HvqIN ¼HHvqχ ð17Þ
The quantity in Eq. (17) can be used to detect the deviatoric
peak upon undrained shearing. In particular, it is possible to
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captured when the material still displays the potential to
contract. As a result, it can detect the possible burst in the
pore water pressure eventually leading to liquefaction
(Buscarnera and Whittle, 2012, 2013).
Eqs. (13) and (17) allow us to infer the onset of failure
during simulated drained and undrained triaxial compression
paths. It is useful, however, to also derive the conditions that
govern plastic admissibility under deviatoric strain control.
Indeed, this choice reﬂects more closely the test conditions
imposed under laboratory conditions, in which deviatoric
stresses are measured as a result of imposed strains. Imposed
drained shearing can, for instance, be modeled by the control
of p0 and εs which, in turn, are associated with the following
instability modulus:
HpεIN ¼HHpεχ ð18 aÞ
where
Hpεχ ¼ 
∂f
∂q
3G
∂g
∂q
ð18 bÞ
while strain-controlled undrained shearing can be represented
by controlling the increments in both volumetric strains, εv,
and shear strains, εd. In this case, the failure index is given by
HvεIN ¼HHvεχ ð19 aÞ
and
Hvεχ ¼Hc ¼ 
∂f
∂p0
K
∂g
∂p0
 ∂f
∂q
3G
∂g
∂q
ð19 bÞ
where the term Hc indicates the quantity that marks the
threshold for critical softening Maier and Hueckel (1979).
In the next section, the above-deﬁned moduli will be
computed in light of a speciﬁc elastoplastic model, thus
illustrating some important characteristics of different failure
modes. For this purpose, it is worth remarking that, compared
to the early version of the controllability theory (Imposimatoand Nova, 1998), the indices in Eq. (13)–(19) are not limited to
the interpretation of “virgin” elastoplastic loading paths. In
other words, the instability moduli presented in this section
represent a tool for treating sharp transitions from an elastic
state to an elastoplastic state, which is rather common in over-
consolidated/lithiﬁed geomaterials.3. A simple constitutive model for geomaterials
The constitutive approach selected for this study is based on
a series of enhancements of the Cam Clay model suggested by
Nova and collaborators (Nova, 1977; Nova and Wood, 1979;
Gens et al., 1993). The structure of the model is sufﬁciently
simple for deriving several indices of failure in analytical form.
At the same time, it is worth noting that the use of simple
expressions for yield and plastic potential functions implies
that the mechanical response is reproduced only at a qualitative
level. Quantitative considerations, however, are possible by
linking the mathematical/conceptual framework with more
sophisticated constitutive laws (Mihalache and Buscarnera,
2014).
The main components of the model include a yield surface
and a plastic potential characterized by the following logarith-
mic expressions:
f ¼ qþmp0ln p
0
pc
 	
¼ 0 ð20Þ
g¼ qþMp0ln p
0
~pc
 	
¼ 0 ð21Þ
where m and M are shape parameters, pc is a hardening
variable and ~pc is a dummy parameter.
An associated ﬂow rule can be obtained as a particular case
(i.e., by using the same value for shape parameters m and M).
However, the choice of different shape parameters in Eqs. (20)
and (21) enables the study of the effects of non-normality, thus
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Clay approach (Fig. 1(a)).
Eq. (20) can be enhanced to cope with lithiﬁcation processes
typical of cemented soils and sedimentary rocks (Leroueil and
Vaughan, 1990). A convenient modeling strategy, to consider
the key effects of lithiﬁcation, has been suggested by Gens
et al. (1993) and has been used since then in a number of
models for cemented geomaterials (Rouainia and Wood, 2000;
Taiebat et al., 2010). As illustrated in Fig. 1(b), this procedure
involves additional internal variables (pt and pm in Fig. 1(b))
representing the increase in tensile and compressive yield
thresholds. Therefore, Eq. (20) can be rewritten as follows:
f ¼ qþmp ln p

pc
 	
¼ 0 ð22Þ
where pc ¼ psþpmþpt represents the size of the expanded
elastic domain and p ¼ p0 þpt.
Similar to critical-state plasticity, compaction-induced hard-
ening is included through plastic variable ps. This allows the
reproduction of some key properties of cohesionless materials,
including the effects of changes in drainage and pre-
consolidation processes. The evolution of ps with plastic
strains is assumed here to be given by
_ps ¼
ps
Bp
_εpvþξs _εpd
  ð23Þ
where Bp reproduces the plastic volumetric compressibility. At
variance with usual critical state models, a further parameter
(ξs) is introduced to control the dilatancy at failure (Nova,
1977), i.e. to ensure that appropriate values of dilatancy ratio,
d¼ _εpv=_εpd, are predicted at H ¼ 0. By setting ξs¼0, the classic
formalism of critical state plasticity can be reproduced. In
contrast, non-zero values of this parameter shift the point of
failure, thus reﬂecting the increase in shearing resistance
associated with an increase in dilatancy. Indeed, since the
hardening modulus is proportional to the sum of M and ξs,
both parameters affect the stresses at which the hardening
vanishes.
A competitive softening mechanism is incorporated through
pm and pt. These variables reﬂect the loss of structure due to
the rupture of interparticle bonds, allowing the simulation of
additional mechanisms of failure speciﬁc for cemented materi-
als. Although distinct evolution laws are possible for pm and
pt, a direct proportionality between them will be assumed here,
i.e., pt ¼ kpm. As a result, only the hardening rule for pm is
required, which is deﬁned here in accordance with previous
suggestions by Nova et al. (2003):
_pm ¼ pmρm



_εpv


þξm _εpd  ð24Þ
where parameters ξm and ρm govern the rate of loss of
structure.
The model is completed by the elastic relations. For the sake
of simplicity, hypoelastic pressure-dependent elasticity has
been adopted, according to which
_p0 ¼K _εev ¼ Kr
p0
pr
 	n
_εev ð25 aÞ
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p0
pr
 	n
_εed ð25 bÞ
where Kr and Gr are two elastic constants, parameter n
governs elastic non-linearity and pr is a reference pressure.
Table 1 provides the expression for Hχ for the selected
constitutive functions. As is readily apparent, the hardening
modulus is characterized by a competition between
compaction-hardening and structure-induced softening. The
role of the control condition is instead introduced in Hχ ,
which involves yield function and plastic potential gradients,
as well as elastic parameters.
4. Simulation of failure phenomena in geomaterials
The constitutive functions discussed in the previous
section will be used here in failure analyses at the material
point level. The model constants selected for this purpose
are given in Table 2. We will address the roles of (i) prior
loading history, (ii) non-normality and (iii) cementation/
lithiﬁcation. Although many geomaterials are character-
ized by the simultaneous effect of these three factors, our
analysis will isolate their effect to elucidate their speciﬁc
mathematical implications. Towards this goal, three idea-
lized classes of geomaterials are deﬁned, namely (i) clays,
(ii) sands and (iii) soft rocks. For each of them, only one of
the above-mentioned factors will be inspected in isolation.
4.1. Failure in clays
The ﬁrst series of model simulations is aimed at reproducing
the key features of failure processes in clayey soils, i.e.,
geomaterials with a constitutive response captured satisfacto-
rily by the critical state framework (Scholﬁed and Wroth,
1968; Wood, 1990). To focus only on the interplay of pre-
loading paths and failure characteristics, the ﬂow rule has been
assumed to be associated, while the effect of non-normality is
addressed speciﬁcally in the subsequent section. The strength
of clays is indeed affected by the consolidation history, as
reﬂected by the usual distinction between normally- and over-
consolidated clays. Such differences can be quantiﬁed by the
over-consolidation ratio (OCR), here deﬁned as OCR¼ ps0=p00
(where ps0 is the internal variable prior to loading, while p
0
0 is
the initial value for the mean effective stress). Such a deﬁnition
for OCR is practical for specimens in which the triaxial
shearing stage is preceded by isotropic loading-unloading
cycles mimicking the effect of pre-consolidation paths.
Fig. 2a and c illustrates the effect of the preloading history
on the predicted drained response. The simulation of a slightly
over-consolidated material (OCR¼1.2) exhibits strain-
hardening response, while a larger initial value for OCR
(OCR¼6) promotes brittle failure and post-yielding softening.
The evolution of HpqIN ¼H (Fig. 4e) reﬂects the initiation of
drained failure under deviatoric stress control (Fig. 2c). As
expected, the evolution of HpqIN supports the notion that, while
failure is achieved asymptotically in weakly over-consolidated
clays, highly over-consolidated soils cannot sustain additionalstress increments at yielding (points Y1 and Y2 in Fig. 2a, c and
e). By specializing the expression of Eq. (13) to the case at
hand, it follows that the failure zone under stress control is
identiﬁed by the following condition:
HpqIN ¼H ¼m
p0
Bp
Mηð Þr0 ð26Þ
The inequality in Eq. (26) identiﬁes the loss controllability
domain for stress-control (shaded area in Fig. 2a where
ηZΜ). It is worth noting that, while HpqIN vanishes when the
path reaches that domain, index HpεIN (deviatoric strain control)
still maintains positive values in both simulations (Fig. 2e). In
other words, the simulations can be run by controlling strains
rather than deviatoric stresses, thus reﬂecting that in actual
experiments the development of failure can be inspected via an
appropriate loading program.
The use of the theory also elucidates some characteristics of
undrained failure mechanisms in over-consolidated clays (Fig.
2b and d). Indeed, under the assumption of incompressible
solid and ﬂuid phases, undrained loading can be represented by
an isochoric deformation mode. The expression of HvqIN
provides the characteristics of the failure domain for undrained
loading, namely,
HvqIN ¼HHvqχ ¼ Mηð ÞKr p0 M 1þ
1
KrBp
 	
η
 
r0 ð27Þ
which is satisﬁed when
MrηrM 1þ 1
KrBp
 	
ð28Þ
The associated ﬂow rule implies that the loss controllability
domain (shaded area in Fig. 2b) is entirely contained in the
softening domain (i.e., ηZM). In addition, Eq. (27) enables
the undrained failure to be explained in light of an appropriate
index. This is illustrated by two simulations of undrained
triaxial compression at the same initial conditions used for the
previous example. In addition, the initial OCR affects the stress
path and the stress–strain response in this case. While the
simulation of a lightly over-consolidated clay is within the
hardening regime, a larger value for OCR changes the yielding
point and implies a competitive effect between the strain-
softening caused by post-yielding deformation and the ten-
dency to dilate. Such a competition is reﬂected by the values of
H and Hvqχ in Eq. (17) and produces an undrained failure
domain that covers only a portion of the stress zone related to
softening. Thus, the stable/unstable connotation of the simu-
lated response is dependent on the value of OCR. At smaller
values of OCR, the maximum values for the deviatoric stress
and stress ratio are achieved simultaneously (i.e., there is no
ambiguity in deﬁning failure; Fig. 2b and d), while at larger
values of OCR, such peaks do not coincide (points Y4 and P1,
respectively; Fig. 2b and d). Thus, differences in the assess-
ment of failure conditions originate. However, such ambiguity
is solved through index HvqIN , which clearly deﬁnes the peak of
the stress deviator (point P1 in Fig. 2b, d and f) as the moment
at which the stress state crosses the loss of controllability
domain. It must also be noted that HvεIN is positive in this case,
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undrained conditions after the path has crossed the domain in
Fig. 2f.
The concept of controllability, therefore, is a useful tool for
identifying the actual point of predicted failure. Indeed, the
achievement of undrained strength, su, widely used in standard
geotechnical analyses, can be interpreted as a loss of controll-
ability of the applied stresses. This is readily apparent when
the stress states obtained from the simulations are reported in
the Mohr plane (Fig. 3). In drained simulations, the predicted
loss of controllability coincides with the maximum mobilized
friction angle (Fig. 3a and b). This feature is found for both
lightly and highly over-consolidated states. An increase in
OCR promotes a shift of the stress states at which undrained
failure is predicted (which may no longer be located on the
critical state locus), while low values of OCR tend to favor a
loss of controllability always located on the frictional failure
envelope. Thus, in the latter case the indices associated with
drained and undrained loss of controllability vanish simulta-
neously. Instead, highly preloaded materials exhibit an expan-
sion of the Mohr circle (Fig. 3d) until achieving the maximum
deviatoric stress at point P1. In this case, the loss of
controllability coincides with the state at which su would be
traditionally deﬁned, i.e., at the peak of the applied load rather
than at the peak of the mobilized friction angle.
4.2. Failure in sands
This section addresses the effect of two peculiar features of
granular materials, namely, (i) the non-normality of the plastic
ﬂow (Lade, 1992; Nova, 1994) and (ii) the density dependence
(Wood et al., 1994; Manzari and Dafalias, 1997; Pestana and
Whittle, 1999, Verdugo and Ishihara, 1996). These properties
emerge from the observation of the stress–strain–strength
response of sand specimens of different densities.
Both density and non-normality play major roles in the
prediction of the limit strength of sands. Here, non-normality is
incorporated by using distinct shape parameters for the yield
function and the plastic potential (i.e., by assuming maM). The
increase in shearing resistance with density is instead reproduced
with an additional term in the hardening rules that captures the
effect of plastic dilation. The intensity of the latter term is
assumed to be modulated by material constant ξs. Fig. 4
illustrates two series of model simulations reproducing the
response of loose (ξs¼0) and dense (ξs¼0.1) granular materials.
Both drained and undrained shearing have been simulated
starting from an initial effective conﬁnement of 100 kPa.
The results show that a dense sand displays patterns of dilatant
behavior under both drained and undrained paths (i.e., plastic
dilation for drained loading and increments in negative pore
pressure for undrained loading). These patterns are an outcome
of the positive values of ξs, which imply increasing values of
stress ratio at failure and the consequent entrance of the loading
path in a region of the stress space characterized by potential
dilation. The use of a constant value for ξs for a given initial state
of density, however, implies that the role of the evolving void
ratios is not captured, thus missing notable aspects, such as thetransition from peak failure to critical state. While these features
can, in principle, be incorporated by connecting the values for ξs
to the critical state theory for sands (Jefferies, 1993), these
particular aspects will not be studied here in detail in an attempt
to minimize the number of parameters that enable the model to
capture of the role of plastic dilation.
Controllability indices can be used in two ways: (i) to interpret
the step-by-step incremental response (di Prisco and Nova, 1994)
and (ii) to locate the domain in the stress space where a given
form of loss of control may occur. The ﬁrst approach is
illustrated in Fig. 4, which reports the evolution of the instability
moduli for various combinations of density and drainage
conditions. Although HpqIN vanishes asymptotically during
drained shearing for both loose and dense materials, the index
of undrained failure HvqIN , computed for loose sand, vanishes at
the peak of the deviatoric stress (point P1). This condition marks
the onset of undrained failure under deviatoric stress control,
which is predicted to occur in the hardening/contractive regime.
For the simulated dense sand, HvqIN is instead found to be positive
throughout the simulation. Indeed, ξs introduces positive hard-
ening potential also for stress states located in the region of
potential plastic dilation (i.e., where η4M; Fig. 4). It is worth
noting that these simulations have been run under strain control
conditions. As a result, the uniqueness of the incremental
response was governed by index HvεIN , which is always positive
for both relative densities (Fig. 4f).
Fig. 5 illustrates the use of the instability modulus to locate
the domains of loss of undrained controllability in the stress
space. This is shown by using the same strategy previously
illustrated for clays. By specializing the stability index for the
case considered in this section, it follows that the domain of
bifurcation is given by
HvqIN ¼HHχ2 ¼m
p0
Bp
Mηþξsð Þþ mηð ÞKr
p0
p0
 	n
Mηð Þr0
ð29Þ
The condition in Eq. (29) is satisﬁed when the equation
obtained by imposing HvqIN ¼ 0 has two real roots (labeled here
as ηU and η
þ
U ), and the stress ratio lies between these two
values, namely,
ηU rηrηþU ð30Þ
The real roots of Eq. (29) can be found only for certain
values of ξs (see the Appendix A for the analytical expressions
for ηU and η
þ
U ), and no real solutions exist beyond a limit
value. As illustrated in Fig. 4, the values for ηU and η
þ
U in Eq.
(29) deﬁne a wedge of instability, and therefore, can be related
to the classic concept of the instability line (Lade, 1992). The
location of these wedges depends on the value for ξs. It is
indeed worth noting that, since the dilation potential of sands is
affected by the current values for density and mean effective
stress, the loss of controllability domain is expected to change
during deformation (Buscarnera and Whittle, 2013). As men-
tioned previously, this aspect is not captured in the current
study because of the assumptions of constant values for ξs.
The domains in Fig. 4 can also be used to assess the
mechanism of failure upon the stress paths that imply
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models, this is possible for stress paths characterized by a
decrease in effective conﬁnement at a constant deviatoric
stress, i.e., stress paths that are often associated with negative
second-order work and undrained collapses (Doauadji and
Hicher (2010)).
4.3. Failure in hard-soils and soft-rocks
The breakage of particles, the disruption of the fabric and
the rupture of the intergranular bonds are micro-structural
processes that play a key role in the failure of lithiﬁed
geological media (Leroueil and Vaughan, 1990; Coop and
Atkinson (1993); Wong et al., 2001). For instance, grain
cementation enhances the strength and brittleness of otherwise
cohesionless soils (Suebsuk et al., 2010), while the interplay
between the grain skeleton and the cement matrix is important
in the brittle-ductile transition of high-porosity rocks, as well
as on the processes that lead to localized compaction (Lagioia
and Nova, 1995; Baud et al., 2004).
In the present study, the destructuration effects are treated
by the strategy proposed by Gens and Nova, (1993), i.e., by
incorporating an internal variable associated with the structure
effects (pm). This section addresses the mathematical implica-
tions of this choice, focusing on the increase in brittleness
related to cementation, as well as on its role in the predicted
failure modes. For the sake of simplicity, the response of soft
rocks has been modeled through an associated ﬂow rule, thus
isolating the effect of the bond-degradation process on the size,
location and evolution of the controllability domains. How-
ever, an extension of this approach to a non-associated plastic
ﬂow can be easily accommodated (Buscarnera and Laverack,
2014). The controllability domains have been evaluated by
specializing the expression of HpqIN to the particular case of
structured materials. The analysis focuses on high-conﬁnement
pressures, for which the compactive response of these materi-
als has been found to display unstable forms of localized
compaction prior to shear failure (Baud et al., 2004). Hence, it
is assumed that pt¼0 (i.e., the negligible effect of the tensile
strength properties at high pressures) and ξs ¼ 0 (i.e., lack of
plastic dilatancy at failure). Using the expressions discussed in
the previous sections, it is possible to show that the loss of
stress-control is predicted when
HpqIN ¼H ¼Mp0ρs
ps
pc
Mηð Þ 1χv
 χd r0 f or ηrM
ð31 aÞ
and
HpqIN ¼H ¼Mp0ρs
ps
pc
Mηð Þ 1þχv
 χd r0 f or η4M
ð31 bÞ
where ρs¼1/Bp, while quantities χv¼ρmpm/ρsps and
χd¼χvξm reﬂect the existence of volumetric and deviatoric
destructuration, respectively. At variance with the previous
simulations, the loss of controllability depends on the current
value of the internal variables. Hence, the controllabilitydomains evolve with plastic strains, generating failure condi-
tions that cannot be deﬁned a priori across the entire stress
space, but that can only be located on the currently active yield
surface.
Eqs. (31-a) and (31-b) enable the inspection of failure
conditions for stress-control. As is well known, under the
assumption of the associated ﬂow rule, failure can occur only
in the strain-softening regime. In the considered model, this
condition is fulﬁlled for an uncemented material when η4M,
i.e., in the region of the stress space characterized by dilation
and softening. The presence of cementation, however, incor-
porates further loss of structure, allowing failure to occur even
in the compaction regime (ηrM). This possibility is indeed
predicted throughout the plastic compaction zone when χv41,
as it implies strain-softening effects for any component of
Equation (31) (i.e., stress control is not admissible for any
values of η). Instead, when 0oχvo1, a critical stress ratio,
ηB, can be deﬁned, above which the loss of stress control is
predicted even in the compaction regime.
ηZηB ¼M
χd
1χv
ð32Þ
Fig. 6a illustrates the effect of an increase in cementation
through model simulations. In this ﬁrst set of analyses, the loss
of structure is assumed to be driven by volumetric strains only
(i.e., ξm¼0). Fig. 6b shows instead the brittle-ductile transition
predicted for a given value of χv under increasing values of
initial conﬁnement. The amount of cementation affects the
values of η and χv at yielding for a given initial stress state. For
χvo1, the softening region is conﬁned within the domain of
η4M. This is illustrated in Fig. 7a, in which the locations of
the initial bifurcation domains and their evolution are shown
for different values of shearing-induced loss of structure (here
reproduced by assigning different values to parameter ξm). The
effect of plastic shear strains on the loss of structure is reported
in Fig. 7b, where the presence of shear-driven destructuration
decreases the magnitude of the limit stress ratio at the loss of
stress control, ηB. Such a loss of structure implies a contraction
of the region of potential loss of control, until the stress state is
no longer located on it (Y5) and the response reverts to strain-
hardening (Y6).
While the ductile/brittle features of the response can be
readily interpreted through the concepts of hardening/soft-
ening, failure modes that involve mixed stress–strain condi-
tions require appropriate controllability indices. An important
case is one-dimensional deformation, often reproduced with
oedometer compression tests. The kinematic conditions of this
test are particularly interesting for failure analyses in porous
rocks because they reproduce the jump in strain increments
occurring within the process zone of a compaction band.
Although here we focus on material point analyses, it is
possible to show that the states at which an oedometric loading
path suffers a loss of existence and/or uniqueness of the
compression response can be used for compaction band
analyses (Nova et al., 2003; Arroyo et al, 2005). In particular,
the loss of controllability along such compression paths
corresponds to the state at which the acoustic tensor computed
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controls a loss of control of oedometric compression paths can
be derived by considering constrained radial strains (see the
Appendix). For the current analysis, the assumption of normal-
ity (i.e., m¼M) and the use of a linear elastic relation (i.e.,
n¼ 0 in Eq. (25)) imply
Hoedχ ¼ 
2
3
Mηð Þ1
 2 E
2 1υð Þ ð33Þ
where E and υ are the elastic modulus and Poisson's ratio,
respectively. As a result, the incorporation of Eq. (33) in Eq.
(4) deﬁnes the stability index for the one-dimensional com-
pression, HoedIN , and can be used to study the potential for
compaction banding.
This circumstance is studied in Fig. 8 by simulating one-
dimensional compression tests. For the sake of simplicity, only
volumetric degradation is considered (i.e., ξm¼0). The
increase in degradation potential (here reproduced only
through larger values of ρm) is shown to enhance the tendency
to pore collapse (Fig. 8b). The potential for compaction
banding is instead reﬂected by the evolution of HoedIN , that
may vanish at the peak of the computed axial stress, thus
revealing the possible onset of zones of localized compaction
(Olsson, 1999). Although this index can be positive at
yielding, even when the stress state lies within the softening
domain (Fig. 8d), it tends to become negative upon increasing
deformations when large values for ρm are used (Fig. 8d).
These aspects are described in detail in Fig. 9, where the
bifurcation domains for compaction banding are reported for
one of the above-mentioned simulations. In accordance with
laboratory evidence (Baud et al., 2004), such domains tend to
be located in the cap region of the yield surface. In addition,
when the stress state falls in the domain with HrHoedχ ,
arbitrary increments in axial stress are no longer admissible,
and negative values for HoedIN reﬂect a loss of stress bearing
capacity accompanied by compaction (i.e., _s0ao0 with
_εa40). Under such conditions, the predicted response is
compatible with compaction strains localized in narrow bands
and surrounded by elastically unloaded zones (Fig. 8b). The
simulation also shows that the material recovers its load-
carrying capacity only when HoedIN is positive anew. It is worth
noting that strain-softening is the main cause of bifurcation
here. However, non-normality also plays a key role in deﬁning
the extent of compaction banding domains (Issen and
Rudnicki, 2001) and could also be easily reproduced in this
model by using maM.5. Conclusions
This paper has discussed a uniﬁed mathematical representa-
tion of failure processes in elastoplastic geomaterials. For this
purpose, we have used a recent method proposed by
Buscarnera et al. (2011) that deﬁnes the scalar indices of
controllability (here referred to as moduli of instability). This
theory has been specialized to triaxial stress states and linked
to a simple, but versatile, elastoplastic model for soils and softrocks. This strategy has allowed us to derive the failure
conditions in analytical form for various classes of geomater-
ials. Most notably, for the different modeling hypotheses, it
has been possible to deﬁne the domains in the stress space at
which the existence and/or the uniqueness of the plastic
solution may be lost in the presence of the speciﬁcally deﬁned
control conditions.
A number of model simulations have been presented, with
the goal of inspecting the failure mechanisms pertaining to
three ideal classes of geomaterials, i.e., clays, sands and soft
rocks. The aim of such simulations has been to investigate the
role of prior stress history, non-normality, density-dependence
and lithiﬁcation/structure effects. In accordance with well-
established theories, the classical notion of failure under stress
control has been reﬂected by a vanishing or negative hardening
modulus, thus corresponding to the loss of the existence/
uniqueness of the plastic response. Although the study has
focused on a relatively limited number of constitutive func-
tions and failure modes, the simulations have shown that
various failure processes (e.g., undrained failure, compaction
banding, etc.) can be interpreted in a similar manner, provided
that appropriate indices are used to detect/interpret their onset.
To fulﬁll this requirement, the instability modulus must reﬂect
the kinematics of the failure mode under consideration, thus
being dependent on both the hardening modulus and the terms
of kinematic origin. This strategy has allowed for the
reanalysis of classical concepts, such as the undrained strength
of clays and the static liquefaction of sands, as well as the
reinterpretation of compaction banding in high-porosity rocks.Acknowledgements
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Instability modulus for stress-controlled one-dimensional
compression
This section derives the mathematical expression for the
controllability modulus for one-dimensional compression tests
performed under stress control (often referred to as oedometric
conditions). Under axisymmetric stress conditions, the elastic
law can be rewritten as
_sa
_sr
" #
¼ E
12νð Þ 1þνð Þ
1ν ν
ν 1=2
" #
_εa
2_εr
" #
ð34Þ
where E and ν are, respectively, the elastic modulus and
Poisson’s ratio associated with the elastic constants in
Equation (25).
Following Eq. (3b), the term Hχ can be expressed as
Hoedχ ¼ 
∂f
∂sr
DerrDera Deaa
 1
Dear
h i ∂g
∂sr
ð35Þ
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Hoedχ ¼ 
∂f
∂sr
E
2 1νð Þ
∂g
∂sr
ð36Þ
Considering that
∂f
∂sr
¼ 2
3
mηð Þ1 ð37Þ
and
∂g
∂sr
¼ 2
3
Mηð Þ1 ð38Þ
the expression for Hχ under oedometric conditions is conse-
quently
Hoedχ ¼ 
2
3
mηð Þ1
 
E
2 1νð Þ
2
3
Mηð Þ1
 
ð39Þ
The above expression can be ﬁnally combined with the
hardening modulus to deﬁne HoedIN and to identify the domains
of loss of controllability.Instability modulus for stress-controlled undrained testing in
sands
This section derives the analytical expression for the
boundaries of the instability domain for undrained tests in
sands. By using Equations (25), it is possible to show that the
term Hχ is given by
Hχ ¼  mηð ÞK
p
pr
 	n
Mηð Þ ð40Þ
The corresponding instability modulus is
HIN ¼HHχ ¼
mp
Bp
Mηþξsð Þ mηð Þk
p
pr
 	n
Mηð Þ
ð41Þ
The instability modulus given by Eq. (41) violates the
conditions for the controllability of the incremental elastoplas-
tic response when the following condition is violated:
η2 m 1þ 1
BpK
 	
þM
 
ηþ m
BpK
Mþξsð ÞþmM
 
r0 ð42Þ
where
K ¼ Kr
pn1
pnr
ð43Þ
It is possible to show that, when the following condition is
satisﬁed:
ξsr
BpK
4
Mm 1þ 1
BpK
 	 2
¼ ξs ð44Þ
the two stress ratios that deﬁne the wedge of undrained
instability (i.e., ηþU and η

U in Eq. (30)) have real values andare given by
ηU ¼
1
2
m 1þ 1
KBp
 	
þM
 
 1
2
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m 1þ 1
KBp
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M
 2
4 m
KBp
ξs
s
ð45Þ
and
ηþU ¼
1
2
m 1þ 1
KBp
 	
þM
 
þ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m 1þ 1
KBp
 	
M
 2
4 m
KBp
ξs
s
ð46Þ
As a result, parameter ξs, deﬁned by Eq. (44), represents a
limit value beyond which undrained instability is no longer
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